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Abstract 
Jekot, T., Spectral methods for nonlinear thermostatic bimetal, Journal of Computational and Applied 
Mathematics 35 (1991) 251-258. 
The thermostatic 2D model of bimetal is considered. Nonlinear constitutive equations of thermoelasticity are 
applied. The spectral methods are generalized to solve nonlinear PDEs. The variational version of the tau 
method is adopted. The analysis of nonlinear and linear solutions, and a comparison with the Villarceau 
solutions of the theory of bimetals are presented. In conclusion the presented method can be applied only to 
relatively “short” bimetals either with linear or nonlinear properties. In these cases Villarceau solutions do not 
correspond to presented 2D solutions. When applying material with nonlinear properties, nonlinear solutions 
differ substantially from linear solutions even at moderate temperatures. 
Keywords: Spectral methods in nonlinear, bimetal. 
1. Introduction 
It is inadequate to return to well-known and widely applicable problems as far as bimetals are 
concerned. On the other hand, there are solutions of the problem which have already been 
proved in practice, so one can compare new theories with the existing ones. 
This paper introduces new computational methods, which can include nonlinear PDEs which 
are generated by nonlinear constitutive equations. This way allows one to widen the range of 
materials to be used for the construction of bimetals. The theory proposed in the paper includes 
a 2D model of a bimetal (classical theory of bimetals is 1D). The linear geometric equations and 
nonlinear constitutive equations of thermoelasticity, cf. [3], are applied. The equations obtained 
have been solved using spectral methods, cf. [1,2]. Since the equations are nonlinear, the 
generalization which allows us to include an arbitrary system of nonlinear PDEs with polynomial 
coefficients is presented. Some examples of nonlinear equations solved by spectral methods have 
been discussed in [1,2]. The examples involve Chebyshev or trigonometric polynomials only, and 
do not offer a general approach. The method proposed in the paper can be implemented with an 
arbitrary family of orthogonal polynomials (however Legendre’s polynomials are used here). The 
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method offers a general approach by introducing functionals which transform nonlinear terms in 
PDEs to their algebraic equivalents. 
Attention is drawn to the problem of how temperature influences the tangential stresses both 
within linear and nonlinear cases. The tangential stresses themselves do not include temperature 
terms in constitutive formulation. The influence is due to balance equations. The interesting fact 
is that the nonlinear influence on displacement field which is mainly caused by tangential 
stresses is much bigger than in cases where displacement is caused by normal stresses, cf. [4,5]. 
The normal stresses contain temperature terms in the constitutive formulation. 
Analyzing the “numerical” convergence of the presented theory, one can observe that 
solutions are convergent only in the case of relatively “short” bimetals (the ratio D of length to 
thickness of a bimetal is up to 7.5). The comparison between solutions obtained from Villarceau 
1D theory, cf. [9], and obtained from the presented model does not show agreement. It can be 
explained by two facts as follows: Villarceau theory applies to relatively “long” bimetals, and the 
presented theory includes thermal elongation of a material along the thickness of a bimetal. An 
elongation can be noticed about the mounting place (X = 0) of a bimetal and can influence 
deflection as a whole. When materials of a bimetal show nonlinear properties (big values of 
Murnaghan coefficients, cf. [6]), the differences between linear and nonlinear cases are consider- 
ably large. 
2. Model of bimetal 
Let us consider a model of a bimetal, see Fig. 1. Displacement components in both regions V”, 
/? = 1, 2, of th e b imetal are expressed as follows: 
u” = r&x, y), x E (0, l), 
P=l, YE(O, Jr), P=2, _YE(--h,O), 
(2.1) 
and the Green strain tensor, cf. [7], 
E*j= $('i,j + uj,i), i, j= 1, 2. 
Let us apply constitutive relations as follows, cf. [3,4]: 
(24 
Fig. 1. The model of a bimetal. 
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uli = -yS,, + AIll?,, + 2pEjj + (II: - 2rnl,)~Y,~ + 2mIlEji + n([ E,,])IJ, i, j=l, 2, 
(23 
where oi, is the stress tensor, and 
y = 3K48 + (91+ Pz)( &I)2 (24 
is the stress-temperature coefficient, where K= :(3h + 2~), 19 is the increment of temperature, I, 
are strain invariants, A, p, 1, m, n are elastic constants of second (Lame) and third order 
(Murnaghan), (Y! is the thermal expansion coefficient in regions VP. We assume that 
/=m=n=O (2.5) 
for linear theory. Equilibrium equations, cf. [7], applicable for both regions VP, are as follows: 
u x,x + r,y = 0, 7,,+ uy,y = 0, 
where a, = u, , , uy = uz2, 7 = u12 = (Jam, and according to (2.3) we have 
a, = -yB + (A + 2/l)Q + XC,, + u,,, 
UY = -yB + (h + 2/+,, + xc,, + q,,, 
7 = 2j_Nr2 + Tn, 
where 
a,, = II: + 2m (Ire,, + I,), 
For the problem considered we associate boundary conditions 
24p(x=O, y)=O, i, j=l,2, u,P(x=l, y)=O, P(x=I, y)=O, 
cgx, y = h) = 0, qx, y = 4) = 0, 
d(x, y=h) =o, T2(X, y = 42) = 0, 
and compatibility conditions as follows: 
24:(x, y=O)=uf(x, y=O), i, j=l,2, 
uj(x, y=o)= -uj(x, y=o), 
d(x, y=o) = _T2(X, y =o) =o. 
3. The method 
Multiplying the balance equations (2.6) by multiplier functions 
UP = P(x, t), 
(2.6) 
(2.7) 
(2.8) 
P= L,2, 
(2.9) 
(2.10) 
(34 
integrating, integrating by parts and inserting boundary and compatibility conditions (2.9), 
(2.10), we obtain the following variational equations for the region VI: 
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JJ Ye - (A + 2p)4,(0, y) - w,y(O, Y) - d’,(O, Y)] 40, Y) dy 
- (~+2/4jOhu;(4 y)v’,(l, y) dy+ (X+2d/dh$+:xx dx dy 
h I 
+ 
JJ[ 
ye - xu:,, - a,‘, ] dx dx dy - k’r2(x, O)u’(x, 0) dx 
- e.,,.;(x> h>Ut,(x, h) - u;(x, o)u’,(x, O)] dx + :~&‘jd”:“:li dx dy 
- t/J jo”~;(z, y)u;,(l, y) dy+ t~lo"~'[~:~:;'.-+'t~] dx dy 
- 
/ 
'0:(x, o)u'(x,O) dx + /IIJ:@Y dx dy 
0 0 0 
-(A + 24 4(x, h) - f&G 0)] &(x, 0) dx dy 
h I 
+ 
J I[( 
x + 24 UyYY - X&u:, - &] dx dY 
0 0 
- /?(O, y)u'(O, y) dy - l’Jcb,‘u;, dx dy = 0. (3.2) 
0 
Analogous equations can be obtained for the region V2. 
After transforming the unknown displacement functions ukp, k = 1, 2, p = 1, 2, so that they 
are dependent on variables x E [ - 1, 11 and y E [ - 1, 11, we assume that they are searched for in 
2D Legendre’s orthogonal polynomials subspaces Pi(x), P,(y), x E [ - 1, 11, y E [ - 1, 11, i = 
0, 1,. . .) N, j = 0, 1,. .., M, i.e., 
z&x, y) = “c” uf,jPi(x>Pj(Y)> P=l> 2Y (3.3) 
i,j=O 
where ~8, are unknown coefficients of the function U. The multiplier functions in the variational 
equations are as follows: 
uP(x, y) = &(x)&(y), P = 192. (3.4) 
For linear terms occurring in the variational equations we use the orthogonality condition 
J ’ f’n,(x>~n,b> dx= 
c(n) = 2/(2n + l), n = n, = n2, 
-1 
o 
, n, z n2. 
(3.5) 
To obtain nonlinear algebraic equivalents of nonlinear expressions involving orthogonal poly- 
nomials, cf. also [5], we introduce functionals 
L~~PlP2w72 [ u, u] 
= Jj-;~z~Yzj &)“( & j piu(x, Y)(g)q’( &j”U(X, Y>fsan(Y) dx dY 
= ; ; u~~u~~G:J!~~~~(~)G:,zP~~~(,), (3.6) 
i, j=O k,l=O 
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where objects G,;pq( n) are in forms 
i-p i-4 
Gffq(n) = c D/(i) c D:(j) i B,'A;+"(l)C(k): 
k=O I=0 r=O 
where AL(I), B,', Dkp(i) are coefficients related to the orthogonal family, 
following formulas: 
n+k 
c A;(n)Bmtk /‘B,“$‘, 1 for m=n, n p=m+k+l 
(3.7) 
expressed by the 
- l,...,O, 
n+k A;(n)B; 
A:(n) = - c B’ , 
p=r+l r 
for r=k-1, k-2 ,..., 0, 
n-l 
c D,‘(n)B,k-’ /B/I, for k= n, n - l,..., I, 
r=k-I+1 1 
(3.8) 
where B,k are the coefficients of Pn(x), i.e., 
P,,(x) = ; B,kxk. 
k=O 
(39 
The coefficients B,” for Legendre’s polynomials are given by 
forp=O, I,..., [in], 
(3.10) 
B; =O, for i#n-2p, 
where [$n] is the largest natural number not greater than the number n. 
The application of the functionals (3.6) to the system of variational equations (3.2) arrives at a 
system of nonlinear algebraic equations with nonlinearities of second order. These systems can 
be written in the form as follows: 
Aix+XTL;X-~i=O, i=l, 2 ‘...) A!, (3.11) 
where Ai is the i th row of a matrix generated by linear terms, x is a vector of unknown variables 
x1, x2,. . . > x&y, Lj is a matrix (AX&!) generated by nonlinear terms, bi are constants. 
The Newton-Raphson method for equations (3.11) leads to 
[ Ai + x;r( Li + LT)] x, = -Aixn - X;fLiXn + bi, (3.12) 
where x,+r =x, + X,, x,+r stands for a successive iterative solution, X, stands for a successive 
correction. 
4. Computational results 
We apply the method for bimetals which are made of D-54-S aluminum alloy (see Table l), cf. 
[8], with ratio 
1 
D=2h (4.1) 
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Table 1 
The material constants for D-54-S aluminum alloy 
Material constants [ MN/m21 
h P 1 
4.9. lo4 2.6.104 -38.8.104 
(Y T = 24.10-6(1/K). 
Constitution 4.5% Mg, 0.5% Mn, 1.0% Cr. 
m n 
- 35.8.104 - 32.0.104 
Fig. 2. The comparison of nonlinear deflections for four 
different pairs of approximation orders (N, M), (D = 
2.0). 
Fig. 3. The deflections of a bimetal using three theories 
(D = 2.0). 
Fig. 4. The comparison of nonlinear deflections for four 
different pairs of approximation orders (N, M), (D = 
7.5). 
Fig. 5. The deflections of a bimetal using three theories 
(D = 7.5). 
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equal to 2.0 (Figs. 2 and 3) and 7.5 (Figs. 4 and 5) and we heat the bimetal with temperature 
increment 8 = 200 K. 
Let us assume that two layers of bimetal have different thermal expansion coefficients 
&/c& = 0.6. The shapes of a midsurface ( y = 0) (deflection) of bimetals are presented in Figs. 
2-5. The “convergence” of nonlinear solutions is presented for some degrees of approximation 
N and M, cf. (3.3) in Fig. 2 for D = 2 and in Fig. 4 for D = 7.5. Deflections of bimetals in three 
cases are presented in Figs. 3 and 5. The cases are as follows. 
(a) Villarceau theory, cf. [9], where deflection is expressed by the relation 
(4.2) 
(b) linear model, cf. (2.5); 
(c) nonlinear model. 
5. Conclusions and remarks 
(1) The proposed method can be applied for considering 2D models of bimetals of relatively 
small length (the ratio D, cf. (4.1), is less than 7.5), made of materials having linear and nonlinear 
properties. The “sufficient” exactness of nonlinear solutions in these cases is obtained with 
moderately small values of degrees of approximation, cf. Figs. 2 and 4. The greater the ratio D is, 
the less “convergent” solutions are. 
(2) The deflection of the presented model does not correspond to the Villarceau theory. This 
can be explained by the fact that the Villarceau theory is applicable for relatively “long” 
bimetals. Also, the fact that the presented 2D theory includes the thermal effect on the thickness 
of a bimetal, which can be observed especially at the vicinity of a mounting place (x = 0) of a 
bimetal, cf. Fig. 3, which can influence the whole deflection. 
(3) Nonlinear solutions differ substantially from linear solutions even for moderate tempera- 
tures for the arbitrary coefficient D. 
(4) The nonlinear influence on displacement field which is mainly caused by tangential 
stresses is much bigger than in cases where displacement is caused by normal stresses, cf. [4,5]. 
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